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Recent experiments have established a qualitative differ-
ence between the magnetization temperature-dependences
M(T ) of quantum Hall ferromagnets at integer and fractional
filling factors. We explain this difference in terms of the rela-
tive energies of collective magnon and particle-hole excitations
in the two cases. Analytic calculations for hard-core model
systems are used to demonstrate that, in the fractional case,
interactions suppress the magnetization at finite temperatures
and that particle-hole excitations rather than long-wavelength
magnons control M(T ) at low T .
The many-particle physics of two-dimensional (2D)
electron systems in a strong perpendicular magnetic field
is enriched by the macroscopic degeneracy of a Landau
band. Interactions in this system cannot be treated per-
turbatively and the electronic system can occur in one
of a variety1 of non-Fermi-liquid states, depending on
the Landau level filling factor ν = N/Nφ. (Here N is
the number of electrons, Nφ = AB/Φ0 is the degener-
acy of the Landau band, A is the system area, B is the
magnetic field strength, and Φ0 is the electron magnetic
flux quantum.) Our interest here is in the strong ferro-
magnet (S = N/2) states which occur at ν = 1/m and
ν = 2− 1/m for odd integers m.2 Interest in these states
has grown with the development of NMR3 and other4
techniques which allow the spin-magnetizationM(T ) and
other spin-dependent properties to be measured. Un-
til recently, experimental data on M(T ) has been avail-
able only at ν = 1 state. In this case M(T ) remains
large at temperatures T well above the Zeeman temper-
ature Tz = g
∗µBB/kB ≡ ∆z/kB. (Here µB is the elec-
tron Bohr magneton and g∗ is the host semiconductor
g-factor.) The present work is motivated by new exper-
imental results5 which show that for ν = 1/3, both the
shape of the M(T ) curve and the temperature scale on
whichM drops to small values are altered. The objective
of this work is to explain this difference on a qualitative
level. We propose that the difference is due to inver-
sion of the relationship between collective magnon and
particle-hole excitation energies and contrast the micro-
scopic physics of quantum Hall ferromagnets at integer
and fractional filling factors, by discussing the properties
of hard-core model systems. Analytic calculations for
these models are used to demonstrate that, in the frac-
tional case, interactions suppress the magnetization at
finite temperatures. Exact diagonalization calculations
for realistic interaction models support the applicability
of hard-core model qualitative considerations to experi-
mental systems.
In the quantum Hall regime, the kinetic energy term
in the Hamiltonian enters only through the constraint
that the interacting electrons must lie in the lowest avail-
able orbital Landau level. This constraint is most conve-
niently enforced in the symmetric gauge6 for which the
allowed single-particle orbitals are eigenstates of Lz and
have the form
φm(z) =
zm
(2m+1πm!)1/2
exp(−|z|2/4) (1)
where z = x − iy is the complex 2D coordinate, m =
0, 1, . . . , Nφ−1 and we have chosen ℓ ≡ (h¯c/eB)1/2 as
the unit of length. Pairs of electrons also have only
one available relative motion state for each angular mo-
mentum, φrelm (z − z′) = φm((z − z′)/
√
2)/
√
2. Conse-
quently the interaction term in the Hamiltonian is com-
pletely characterized by the Haldane pseudopotentials7
Vm ≡ 〈φrelm |V (r)|φrelm 〉. For realistic interaction models,
Vm decreases monotonically with m. Interaction physics
in the quantum Hall regime is often usefully addressed
by considering hard-core models where only the lowest
few Vm are non-zero, and Vm+1/Vm is small enough that
each successive pseudopotential defines a separate en-
ergy scale and resolves the many-particle energy spec-
trum more finely.
A useful orientation is the hard-core model with V0
and V1 arbitrarily large and all other pseudopoentials set
to zero. For this model, finite energy eigenstates neces-
sarily have zero probability amplitude for finding pairs of
electrons in states with relative angular momenta 0 and
1, and therefore can be written in the form8,9
Ψ[z] =
[ N∏
i<j
(zi − zj)2
]
Ψ∗[z] (2)
where Ψ∗[z] is a many-fermion spinor. Since the maxi-
mum single-particle m at ν = 1/3 is Nφ = 3N , and the
factor in square brackets in Eq.( 2) contains powers of zi
up to 2N it follows that the many-fermion spinors Ψ∗[z]
can be composed of orbitals withm from 0 to N . This es-
tablishes a one-to-one mapping between the zero energy
eigenstates of the V0 − V1 hard-core model filling factor
ν = ν∗ + 2 and the full many-fermion Hilbert space at
1
ν = ν∗. For kBT much smaller than V0 and V1, the hard-
core model M(T ) at ν = 3 will be identical to M(T ) for
a non-interacting electron system at ν = 1:
MHC(T ) = NµB tanh(∆z/4kBT ). (3)
This result should be compared with that non-interacting
electrons at the same filling factor:
MNI(T ) = NµB
sinh(∆z/2kBT )
z + cosh(∆z/2kBT )
. (4)
where z = exp(µ/kBT ) is the fugacity which, for ν =
1/m, approaches its maximum value 1/(2m− 1), as T →
∞:
1
m
=
z
exp(∆/2kBT ) + z
+
z
exp(−∆/2kBT ) + z (5)
It follows that hard-core model interactions always re-
duce M(T ), at ν = 1/3, in conflict with the common
qualitative notion of exchange and correlation enhanced
spin magnetization.
We now consider an extended hard-core model for
which V0 and V1 are arbitrarily large, but V2 is also non-
zero. We will argue later that this model captures the
essence of the physically realistic situation. The added
pseudopotential lifts the degeneracy among the low en-
ergy eigenstates of the hard-core model. In Table I we
list many-particle eigenenergies for the ground state at
ν = 1/3 and for states with fractionally charged quasi-
electrons and quasiholes and various integer numbers (K)
of reversed spins. We first note the gross differences be-
tween the quasiparticle and quasihole results. Zero in-
teraction energy quasihole states occur at all values of K
and are related to the zero energy states of the ν = 1
V0 6= 0 hard-core model by the same
∏
i<j(zi − zj)2
factor that appears in Eq.( 2). In the ν = 1 case, the
large K zero energy quasihole states correspond10 to the
skyrmion11 topologically charged spin-textures of classi-
cal field theories. We follow previous practice and refer
to all the quasiholes with K ≥ 1 as skyrmion states.
For ν = 1 particle-hole symmetry12 guarantees that
skyrmion quasiparticle states appear for K ≥ 2 and that
these have the same dependence of energy on K as the
quasihole states. We can infer from Table I that, al-
though quasiparticle-quasihole symmetry does not hold
for ν = 1/3, quasielectron skyrmion states do occur and
that, just as at ν = 1, those with larger numbers of re-
versed spins have lower interaction energies. The K = 0
quasielectron state at ν = 1/3, which is pushed to in-
finite energy in both hard-core models, is analogous to
higher Landau level quasiparticles at ν = 1. The lack of
any dependence of the quasihole interaction energy onK,
means that the lowest energy quasiholes will have K = 0
at any finite Zeeman coupling strength for this model.
The excitation spectrum at ν = 1/3 will include both
particle-hole excitations and spin-wave collective excita-
tions whose energy is given at long-wavelengths by13
ǫSW (q) = ∆z + 4πρsq
2/ν (6)
where ρs is the spin stiffness and ∆z = g
∗µBB is the
Zeeman coupling gap. ρs also determines the energy of
large-K skyrmionic particle-hole excitations:11,13
∆SK = ∆z(Ke +Kh) + 8πρs (7)
where Ke and Kh are the number of reversed spins in the
quasielectron and quasihole skyrmions respectively. In-
sight into the physics which determines ρs for a given
electron-electron interaction can be gained by consid-
ering the single-mode approximation expression14,15 for
ǫSW (q):
ǫSW (q) = ∆z + 4
∑
m
gm
[∑
k
|Tk,m(q)|2Vk − Vm
]
. (8)
Here gm is the probability
15 in the ground state for a pair
of electrons to be in a state of relative angular momentum
m; normalized such that the pair distribution functions
is
g(r) =
8πℓ2
ν
∑
m
gm|φrelm (~r)|2 (9)
where φrelm (~r) is a relative motion wavefunction.
6 Tk,m is
the coefficient of φrelk (~r) in the expansion of φ
rel
m (~r+~qℓ
2×
zˆ):
|Tk,m(q)|2 = exp(−q2ℓ2/4) k!
m!
[Lm−kk (q
2ℓ2/4)]2(q2ℓ2/4)m−k.
(10)
Eq.( 8) shows that, just as at ν = 116,17, spin-wave ex-
citations change the relative distance between pairs of
electrons and thereby increases the interaction energy (4∑
m gmVm) from its minimum ground-state value. For
the case of the extended hard-core model the ground
state at ν = 1/3 is the Laughlin wavefunction18 for which
g0 = g1 = g2 = 0. Comparing Eq.( 8) and Eq.( 6) it fol-
lows that for this model the single-mode-approximation
gives 4πρs = g3V2. The spin stiffness is proportional to
the probability of finding pairs of electrons in the ground
state with relative angular momentum 3 and is due to
the fact that, in long wavelength spin-wave states, some
of these pairs make transitions to relative angular mo-
mentum 2. Using15 g3 ≈ 1.5 we find that the single
mode estimate of 8πρs for the extended hard-core model
is ≈ 3V2, considerably larger than a separate estimate
extracted, ≈ V2, from finite-size spin-wave energies19;
apparently the single-mode-approximation is not quan-
titatively accurate for this model. Since, in the large K
limit, the interaction contribution to the quasiparticle-
quasihole gap is expected to approach 8πρs, the decrease
of quasielectron interaction energies with K in Table 1
should continue to the large K limit. The ratio of the in-
teraction energy contribution to the gap for Kh = 0 and
2
Ke = 1 to 8πρs is ≈ 1.2 compared to values of 1 and 2
at ν = 1 for hard-core and Coulomb models respectively.
We now discuss numerical results for the ideal 2D
Coulomb interaction model in light of the above. The
quasiparticle energies for this model are listed in Table
II. As expected from the extended hard-core model ex-
ample and anticipated originally by Halperin20, the in-
teraction energy for the K = 1 quasielectron state is
substantially below that of the K = 0 quasielectron
state. The difference found here, ≈ 0.038e2/ǫℓ is con-
sistent with earlier estimates21,22. Quasihole states with
K ≥ 1 and quasielectron states with K ≥ 2 are skyrmion
states. Neglecting finite width and Laudau level mix-
ing effects21, the K = 1 quasielectron state is energet-
ically preferred to the K = 0 quasielectron state for
gµBB < 0.038e
2/ǫℓ, an inequality which is satisfied in
GaAs for fields smaller than ≈ 40Tesla. At low tempera-
tures and weak Zeeman coupling, it is a good approxima-
tion to ignore the K = 0 quasielectron state. When this
is the case, M(T ) will be similar to that for the extended
hard-core model. If the temperature is larger than11,13
4πρs ≈ 0.012e2/ǫℓ the energetic splitting of the remain-
ing quasiparticle states will be ineffective and M(T ) will
be similar to the ν = 1 free-electron result. While the
Coulomb model cannot simultaneously satisfy the limits
kBT ≫ 4πρs and kBT ≪ ǫqe(K = 0) − ǫqe(K = 1), the
separation of these energy scales is sufficient to expect
some qualitative similarity between ν = 1 free-particle
and experimental M(T )’s and that is indeed what is ob-
served. The simplest approximation for including inter-
action corrections at ν = 1 is to account for interaction
enhancement of the spin-splitting gap. The analog of the
interaction contribution to the ν = 1 spin-splitting gap
is the interaction part of the K = 1 quasielectron, K = 0
quasihole gap which is ≈ 0.05e2/ǫℓ.
In order to compare with experiment it is necessary to
account for finite-thickness of the electron layers. The
energy scales mentioned above will be reduced by ap-
proximately a factor of two, depending on details of the
sample geometry. The leading low temperature depen-
dence of M(T ) can in principle be dominated either by
spin-wave excitations or by particle-hole exciations. The
former contribution is proportional to exp(−∆z/kBT ),
while the latter is proportional to exp(−∆Ke,Kh)/2kBT ).
The factor of two reduction in the activation energy com-
pared to the gap occurs because the particle and hole
can be located anywhere in the sample and directly re-
flects the itinerant character of the electronic system.
For typical sample parameters, ∆z is smaller than the
quasiparticle gap by a factor of 40 or more at ν = 1
and only the physics of long-wavelength spin fluctuations
is important in determining M(T ) at low temperatures.
For ν = 1/3, however, the situation is completely dif-
ferent, primarily because the interaction contribution to
the Ke = 1,Kh = 0 gap is much smaller. Reducing the
Coulomb model estimate of this quantity by a factor of
two to account approximately for finite thickeness effects,
the particle-hole gap is reduced to twice the collective gap
and we can expect23 particle-hole physics dominate even
as T → 0. This conclusion is consistent with experi-
mental results for M(T ) at ν = 1/3 which is5, in fact,
accurately fit by the ν = 1 independent particle formula
with a gap approximately twice ∆z .
The above considerations suggest the following qual-
itative explanation of the experimental M(T ) curves at
ν = 1/3. A strongly interacting system at ν = 1/3 is sim-
ilar to a weakly interacting system at ν = 1. As a conse-
quenceM(T ) falls more rapidly with temperature than it
would for a non-interacting system at ν = 1/3. M(T ) fol-
lows a tanh(∆/4kBT ) form with ∆ ≈ 2∆z because the
effective interactions among fractionally charged quasi-
particles are relatively weak and because long-wavelength
physics does not dominate even at low temperatures. Of
course, this picture does oversimplify the real situation in
several respects, a point made most tellingly by consider-
ing the filling factor dependence of M(T ) data at T = 0.
Our calculations would suggest that, while the lowest en-
ergy quasielectrons could possibly haveK = 1, the lowest
energy quasiholes should certainly haveK = 0. However,
the experimental finding is that the number of reversed
spins per quasiparticle in the ground state is ≈ 0.05 for
quasiholes and ≈ 0.1 for quasielectrons. This finding can
be reconciled with our picture of the temperature de-
pendence at ν = 1/3 by assuming that disorder, which
is strong for the localized ground state quasiparticles,
favors quasiparticles with different numbers of reversed
spins at different sites and that disorder is much less im-
portant for the extended quasiparticles and quasiholes
excited at finite temperatures. Nevertheless it must be
acknowledged that K = 0 quasielectrons are very likely
to be present at finite temperatures and that disorder
probably also has some importance for the M(T ) results
at ν = 1/3.
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